I. INTRODUCTION
The Anderson model, originally proposed to explain the formation of the local magnetic moment in metals, has played a fundamental role in exploring the correlation effects in many-body systems. Various theoretical approaches, including the Hartree-Fock [1] , scaling theory [2] , numerical renormalization group [3] , perturbation expansion [4] , variational calculations [5] , slave-boson mean field theory [6] , large-N diagrammatic expansion [7] , exact Bethe-Ansatz solution [8] , and many others [9] , have been applied to study this important issue. The general understanding has been that the Anderson model, in both electron-hole symmetric and asymmetric cases (including the valence fluctuation regime) exhibits a local Fermi liquid (FL) behavior, i.e., the impurity contribution to the specific heat and magnetic susceptibility is regular. coupling limit Hamiltonian was derived which exhibits a quantum critical point separating the Kondo and empty-orbit regions [11, 12] . The correlation functions around this critical point show non-FL behavior. However, the calculation of the correlation functions is very delicate due to the presence of the single occupancy constraint. We believe the correct result has been obtained in [13] which demonstrates a power law singularity for the impurity specific heat and magnetic susceptibility, namely, C imp /C 0 ∼ χ imp /χ 0 ∼ T −3/4 in the unitarity limit (phase shift = π/2), in contrast to the logarithmic singularity anticipated earlier [11] .
Whether this result is relevant for the high T c materials, is an open question. However, some heavy fermion compounds show such type of singularities. In particular, the alloys UP d x Cu 5−x (x = 1, 1.5) have been studied in detail, using both static and neutron scattering techniques [17] . The critical exponent extracted from the experimental data [18, 19] is ∆ = 1/3, which is qualitatively consistent but quantitatively different from the theoretical result obtained for the generalized Anderson model [13] .
The calculations of [13] have been carried out using the bosonization technique and the canonical transformations which provide values for the critical exponents only in the unitarity limit. In view of the importance of this issue and the need to obtain results away from the unitary limit [20] it is highly desirable to have another way to reconfirm and extend the previous result [13] . In this paper we apply the Anderson-Yuval (AY) approach [21] to consider the extended Anderson model.
The AY approach [21] was originally devised to study the single channel Kondo problem.
The main idea of this approach is based on the time-dependent one-body formulation of the X-ray edge problem, developed by Nozières and De Dominicis (ND) [22] . Using the AY perturbation expansion Toulouse could map the Kondo problem onto a resonant level model from which he could derive the well-known strong-coupling Toulouse limit [23] . Later, the bosonization technique was used by Schlottmann [24] to calculate physical properties in this strong coupling limit, although bosonization was employed much earlier by Schotte to derive the AY perturbation expansion for the partition function [25] . The equivalence of this perturbation expansion with that of a resonant level model (at and away from the Toulouse limit) was shown explicitly and made use of for studying the physical properties by Wiegmann and Finkel'stein [26] . Recently, Fabrizio, Gogolin and Nozières [27] have generalized the AY approach to consider the asymmetric two-channel Kondo problem and the FL-non-FL crossover within that model. They have mapped term-by-term the perturbation expansion of the two-channel Kondo problem to that of a generalized resonant level model.
Under the scaling assumption these authors could provide an analytical description of the FL-non-FL crossover. In this paper we will follow their approach rather closely. Bosonization and AY approach are similar in the sense of scaling assumption, but the latter is not limited to the Born approximation and can be used away from the unitarity limit. Moreover, it is a "brute force" partial resummation of diagrams without resorting to canonical transformations used in the bosonization approach.
We should mention that there is another generalization of the Anderson model considered by Si and Kotliar [28, 29] , who have included all possible density-density interactions of the hybridizing channel without invoking the screening channels. Using the renormalization group expansion they considered the weak coupling case [28] , while the strong coupling limit was treated by bosonization [29] . In the final section we will discuss how their results are related to ours in the overlapping region.
The rest of the paper is organized as follows: The model is defined and the basic strategy to treat the model is given in Sec.II, while the perturbation expansion and the mapping onto a generalized resonant-level model is presented in Sec.III. Furthermore, the correlation functions are calculated in Sec. IV to be confronted with experimental results. Finally, some concluding remarks are made in Sec.V.
II. THE MODEL AND THE BASIC STRATEGY
The Hamiltonian we consider in this paper is given as a sum
where the hybridizing part is
while the screening part is
Here c [12, 13] . As shown in those references, these terms do not affect essentially the behavior in the strong coupling limit. For simplicity, we have also taken the local level ǫ d at the Fermi level, since we are mainly interested in the critical behavior itself, rather than the level renormalization per se.
Before proceeding, let us briefly recall the basic strategy of ND [22] and AY [21] to see why their approach can be applied to our problem. The crucial term in the X-ray edge problem Soon afterwards AY [21] realized that the ND trick can be used to obtain the perturbation expansion for the Kondo problem with a Hamiltonian
where, S + , S − , S z are local spin components, while c , due to the difference of scattering potential experienced by the up and down spins. By mapping this perturbation onto an expansion for some kind of resonant level model which can be solved exactly in limiting cases, the low energy physics can be extracted. This was the basic strategy of [26] and [27] and will be followed in this paper. Instead of | ↑> and | ↓> two states for the single channel Kondo problem, we have here three states |0 >, | ↑>, and | ↓>. Also, we have screening channels in addition to the hybridizing channels. Nevertheless, the above programme can be still implemented, as seen from the next Section.
III. PERTURBATION EXPANSION AND MAPPING ONTO A GENERALIZED RESONANT LEVEL MODEL
Like in the X-ray edge and Kondo problems, we are interested in the time evolution of the system described by
where H T is the total Hamiltonian given by (1) and (2), while |0 > is the ground state which is degenerate in the mixed valence regime with the local electron in one of the states |α >, α = 0, ↑ and ↓. We consider the perturbation expansion in terms of the hybridization parameter t
with
Due to the presence of d state. Therefore, these terms can be separated into up and down blocks. Using the relations
for the neighboring time moments τ j and τ j+1 (or τ j−1 ), the calculation is similar to the X-ray edge or Kondo problem and we can apply AY approach to handle it. Explicitly, we fix
) as moments when a local spin-up electron is created (annihilated). Likewise τ 2j (τ
for local spin-down electron. As said before, due to the single occupancy constraint, the only allowed sequences are: (τ 1j , τ In the absence of the scattering potentials V 0 = V l = 0, the propagator for the conduction electron in the local presentation G σ (τ ) =< T c σ (τ )c + σ (0) > is [22] :
where ξ 0 is the bandwidth, serving as a cut-off. The contribution of 2n vertices connecting
′ σj (σ = 1, 2) will be [21, 27] :
.
In the absence of the scattering V 0 = V l = 0, the contribution of separate terms in (4) will be
Now we turn on the scattering potential. First consider the hybridizing channel. For the spin up conduction electron at moment τ 1i a scattering potential is switched on to give a phase shift
while at moment τ ′ 1i an opposite phase shift is produced. On the other hand, the spin down conduction electron does not experience any phase shift at these moments. Of course, at moments τ 2i and τ 
In deriving (12) we have taken into account the fact that in the process |0 >→ | ↑>, nothing is changed for H ′ α , with α = 0, ↓, so there are no crossing terms.
Next we consider the screening channels. For channel l the conduction electron gets a phase shift
at both τ 1i and τ 2i , and an opposite phase shift at τ ′ 1i and τ ′ 2i . The screening electrons contribute only to the closed loops. However, as seen from (2), the screening channel electrons scatter on the total charge n = σ n σ , so the process | ↑>→ |0 > will affect also spin down conduction electron in the screening channels. Therefore we will have crossing terms which are similar to the case of multichannel Kondo model [27] with the spin index replacing the channel index there. The final result is
with the crossing term
Putting everything together, we find the total contribution of all channels to a given term is
Following earlier treatments [26, 27] , we now consider a generalized resonant level model
where n = (d 
and an opposite one at moments τ ′ σi during the process |σ >→ |0 >. Summing up the contributions from the free propagator, the open line and the closed loops, we find the n-th order term of λ is given by
If we take
the extended Anderson model H T , given by (1) and (2), and the generalized resonant-level model (17) are equivalent to each other via a term-by-term mapping of the perturbation expansion. It is expected that they should contain the same low-energy physics. Of course, there is an underlying assumption that V is the only scaling parameter for this universality class. A similar assumption was made for the single channel Kondo and the two-channel
Kondo problem with channel asymmetry [27] .
IV. CORRELATION FUNCTIONS AND PHYSICAL IMPLICATIONS
Before proceeding we compare first the result of the preceding Section with earlier calculations using bosonization [12, 13] . In the previous work a model very similar to (1), (2) was considered with additional opposite spin Couloumb interaction V shown there by using the canonical transformation that the strong coupling Toulouse limit
where V s is the Couloumb potential in the screening channel and N s is the number of channels. As follows from (11), (13) , (18) and (20), we have the same Toulouse limit here. In fact, δ 0 = tan
) 2 = 1, meaning that the unitarity limit is reached in both hybridizing and screening channels. The earlier calculations correspond to the Born approximation of our present result summed to infinite orders. This reconfirms the consistency of bosonization and ND approach. However, here we have obtained the mapping to the generalized resonant-level model in a broader regime, namely, the unitarity limit should be reached in the hybridizing channel (δ = π), but not necessarily in the screening channels (δ ′ = 0). Since the Toulouse limit is materialized at V ′ 0 = 0, the opposite spin scattering is not essential. As seen in [13] , the effect of the V ⊥ term is reflected only in the energy difference of α and β particles
) which we will include in our following discussion.
Now we study the physical properties of the generalized resonant-level model (17) rewriten as
which should still satisfy the single occupancy constraint α + α + β + β ≤ 1. First we calculate the scattering amplitude
There are contributions from the spinless fermion ψ and the α particle, both from the closed loops. Neglecting the energy level renormalization factors, the long time asymptotics are given by
where
with ρ as the density of states for the spinless fermion ψ. Here we have taken the ground state energy E 0 = 0 and δ 2 = π 2
, if ǫ α = 0. There are crossing terms coming from H h and H I of Eq. (21), but they do not contribute to power law singularities in the correlation functions.
Using the asymptotic form for S(t), we can calculate the propagator
and the spin-spin correlation function
, we recover the previous result, i.e., M(t) ∼ t
. This is a nice and independent check of the correctness of calculations in [13] . Moreover, here we have also obtained result away from the unitarity limit δ 1 = 0. Of course, the asymptotic form is valid only for small δ 1 , because the model (21) cannot be solved exactly.
As mentioned in the Introduction, the neutron scattering data as well as the static measurements in UP d x Cu 5−x (x = 1, 1.5) show a power law behavior of the spin-spin correlation function and the impurity contribution to the specific heat and magnetic susceptibility [17] [18] [19] . Using the conformal invariance for the impurity problem it has been argued that the available data are consistent with a critical exponent [19] 
, while the value following from the bosonization calculation [13] was ∆ B = 3 4 which is rather big compared with the experimental value. The deviation from the unitarity limit δ 1 = 0 will reduce this value. To fit the data we need to assume δ 1 = π 5/12 which is still rather big to justify the applicability of our asymptotic expansion. Nevertheless, the correction is in the right direction.
V. CONCLUDING REMARKS
Using the ND and AY perturbation expansion and mapping onto a generalized resonantlevel model we have reconfirmed and extended earlier results on non-FL behavior in an extended Anderson model with additional screening channels. The extension to regions away from the unitarity limit of screening electron scattering improves the agreement with experiment. However, in view of its physical implications this issue should be further studied using other techniques.
As mentioned in the Introduction, the Anderson model has been also generalized in a different way [28, 29] . Without going into detailed comparison we briefly comment on the study of the Toulouse limit in that model [29] . Those authors have correctly pointed out the change of sign for the V ⊥ term upon bosonization. However, the correlation functions were calculated there using the mean field approximation in handling the constraint which missed the non-FL exponent. Of course, the physical consequences depend strongly on the positions of the renormalized levels ǫ α and ǫ β (see eq. (26)). If the difference is big, the fast oscillation will suppress the power law component in the frequency response. Since the theoretical calculation of level renormalization is very difficult, we may count on experimental indication which seems to show the existence of remaining degeneracy. The situation here is similar to the two channel Kondo case [27] . There the decoupling of d + +d from the conduction electron was a signature of non-FL behavior which becomes more apparent in the Majorana fermion formulation [31] . Here the β particle decouples, giving rise to a X-ray edge like singularity Finally, we would like to thank G.M. Zhang for an earlier collaboration on this project
